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Abstract We study a Fermi Hamilton operator Kˆ which does not commute with
the number operator Nˆ . The eigenvalue problem and the Schro¨dinger equation is
solved. Entanglement is also discussed. Furthermore the Lie algebra generated by
the two terms of the Hamilton operator is derived and the Lie algebra generated
by the Hamilton operator and the number operator is also classified.
1 Introduction
In quantum theory Hamilton operators with Fermi-interactions have a long history
[1, 2, 3, 4, 5, 6, 7, 8, 9]. Let c†j , cj (j = 1, . . . , n) be (spin-less) Fermi creation and
annihilation operators, i.e.
[c†j , ck]+ = δjkI, [cj , ck]+ = 0, [c
†
j , c
†
k]+ = 0
where [ , ]+ denotes the anticommutator and I is the identity operator. Let |0〉 be
the vacuum state. Then cj|0〉 = 0 and 〈0|0〉 = 1. Here we study the self-adjoint
Hamilton operator
Kˆ =
Hˆ
~ω
= c†nc
†
n−1 · · · c†2c†1 + c1c2 · · · cn−1cn .
The number operator Nˆ is given by
Nˆ =
n∑
j=1
c†jcj .
Obviously [Kˆ, Nˆ ] 6= 0. We find the matrix representation of Kˆ and its eigenvalues
and eigenvectors. We utilize the faithful matrix representation [6, 7, 8] for Fermi
operators
c†k =
n-times︷ ︸︸ ︷
σz ⊗ · · · ⊗ σz ⊗
(
1
2
σ+
)
⊗ I2 ⊗ · · · ⊗ I2
ck =σz ⊗ · · · ⊗ σz ⊗
(
1
2
σ−
)
⊗ I2 ⊗ · · · ⊗ I2
k-th place
where I2 is the 2× 2 identity matrix and σ1, σ2, σ3 are the Pauli spin matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
with
σ+ = σ1 + iσ2 =
(
0 2
0 0
)
, σ− = σ1 − iσ2 =
(
0 0
2 0
)
.
We also calculate the unitary matrix U(t) = exp(−iHˆt/~) to solve the Schro¨dinger
and Heisenberg equation of motion. Entangled and unentangled states can be
found. As entanglement measure for the eigenvectors of Hamilton operator Kˆ we
utilize the entanglement measure introduced by Wong and Christensen [10].
We also study the Lie algebra generated by c†nc
†
n−1 · · · c†2c†1 and c1c2 · · · cn−1cn and
the Lie algebra generated by the Hamilton operator Kˆ and the number operator
Nˆ .
2 Eigenvalue Problem for the Cases n = 1 and
n = 2
For the case n = 1 we have the Hamilton operator
Kˆ =
Hˆ
~ω
= c† + c =
(
0 1
1 0
)
= σ1
where the operators c†, c and c†c are given by the 2× 2 matrices
c† =
(
0 1
0 0
)
, c =
(
0 0
1 0
)
, Nˆ = c†c =
(
1 0
0 0
)
and the basis is given by
c†|0〉 =
(
1
0
)
, |0〉 =
(
0
1
)
.
Thus the Hamilton operator Hˆ acts in the Hilbert space C2. Obviously the
eigenvalues of Kˆ are +1 and −1 with the corresponding normalized eigenvectors
(Hadamard basis)
1√
2
(
1
1
)
,
1√
2
(
1
−1
)
.
For the unitary operator U(t) = exp(−iHˆt/~) we obtain
U(t) = exp(−iHˆt/~) =
(
cos(ωt) −i sin(ωt)
−i sin(ωt) cos(ωt)
)
.
Consider now the case n = 2. The ordering of the four dimensional basis is c†2c
†
1|0〉,
c†2|0〉, c†1|0〉, |0〉. Utilizing the matrix representation given above we have
c1 =
1
2
σ− ⊗ I2, c2 = σz ⊗ 1
2
σ− .
Thus we obtain the matrix representation
c1c2 =


0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

 , c†2c†1 =


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 .
Consequently
Kˆ = c†2c
†
1 + c1c2 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 , [c†2c†1, c1c2] =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1

 .
The four eigenvalues of Kˆ are −1, 1, 0 (twice) with the corresponding bases for
the eigenspaces

1√
2


1
0
0
−1



 ,


1√
2


1
0
0
1



 ,




0
1
0
0

 ,


0
0
1
0



 .
The first two eigenspaces have Bell states as basis and are fully entangled (except
for the zero vector). The last eigenspace consists of unentangled and entangled
vectors. For the number operator Nˆ we find
Nˆ = c†1c1 + c
†
2c2 =


2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0


with eigenvalues 2, 1 (twice) and 0 and



1
0
0
0



 ,




0
1
0
0

 ,


0
0
1
0



 ,




0
0
0
1




as basis for the respective eigenspaces. For the unitary operator U(t) = exp(−iHˆt/~)
we obtain
exp(−iHˆt/~) =


cos(ωt) 0 0 −i sin(ωt)
0 1 0 0
0 0 1 0
−i sin(ωt) 0 0 cos(ωt)

 .
3 General Case
For arbitrary n and n ≥ 2 the Hamilton operator Kˆ is given by the 2n × 2n
symmetric matrix over R with 1 at the entries (1, 2n) and (2n, 1) and otherwise 0,
i.e.
Kˆ =
(
0 1
0 0
)
⊗ · · · ⊗
(
0 1
0 0
)
+
(
0 0
1 0
)
⊗ · · · ⊗
(
0 0
1 0
)
.
The commutator [c†nc
†
n−1 · · · c†2c†1, c1c2 · · · cn−1cn] admits the matrix representation(
1 0
0 0
)
⊗ · · · ⊗
(
1 0
0 0
)
−
(
0 0
0 1
)
⊗ · · · ⊗
(
0 0
0 1
)
.
This means we have a 2n×2n diagonal matrix with 1 at the entry (1, 1) and −1 at
the entry (2n, 2n) and otherwise 0. The eigenvalues of Kˆ are given by 1, −1 and 0
(2n − 2 times). The corresponding bases for the eigenspaces are

1√
2


1
0
...
0
1




,


1√
2


1
0
...
0
−1




,




0
1
...
0
0

 , . . . ,


0
0
...
1
0




.
The first two eigenspaces consist of entangled vectors (except for the zero vec-
tor). The other 2n−2 dimensional eigenspace includes entangled and unentangled
vectors. For the unitary operator U(t) = exp(−iHˆt/~) we obtain
exp(−iHˆt/~) =


cos(ωt) 0 . . . 0 −i sin(ωt)
0 1 . . . 0 0
...
...
. . .
...
...
0 0 . . . 1 0
−i sin(ωt) 0 . . . 0 cos(ωt)

 .
4 Lie Algebras
We are looking first at the Lie algebra generated by the two operators
c†nc
†
n−1 · · · c†2c†1, c1c2 · · · cn−1cn .
Consider first the case n = 1. Since [c†, c] = 2c†c− I and
[c†, 2c†c− I] = −2c†, [c, 2c†c− I] = 2c
we find a three-dimensional simple Lie algebra with the basis
c†, c, c†c− I
2
.
Thus we have a basis of the simple Lie algebra sℓ(2,R). The matrix representation
is
c† =
(
0 1
0 0
)
, c =
(
0 0
1 0
)
, c†c− I
2
=
1
2
(
1 0
0 −1
)
.
Consider now the case with n = 2 and the Lie algebra generated by c†2c
†
1 and c1c2.
We have
[c†2c
†
1, c1c2] = c
†
1c1 + c
†
2c2 − I
Next we obtain the commutators
[c†2c
†
1, c
†
1c1 + c
†
2c2 − I] = 2c†1c†2, [c1c2, c†1c1 + c†2c2 − I] = 2c1c2 .
Thus we have a simple three-dimensional Lie algebra with the basis c†2c
†
1, c1c2,
c†1c1+c
†
2c2−I. The Lie algebra is isomorphic to sℓ(2,R). The matrix representation
given by the diagonal matrix
c†1c1 + c
†
2c2 − I =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1


and
c1c2 =


0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

 , c†2c†1 =


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 .
Consider now the case n = 3 and the Lie algebra generated by the operators c†3c
†
2c
†
1
and c1c2c3. We obtain the commutator
[c†3c
†
2c
†
1, c1c2c3] = 2c
†
3c
†
2c
†
1c1c2c3−c†2c†1c1c2−c†3c†2c2c3−c†3c†1c1c3+c†1c1+c†2c2+c†3c3−I .
Next we find
[c1c2c3, [c
†
3c
†
2c
†
1, c1c2c3]] = 2c1c2c3
[c†3c
†
2c
†
1, [c
†
3c
†
2c
†
1, c1c2c3]] =−2c†3c†2c†1 .
Thus the three operators c1c2c3, c
†
3c
†
2c
†
1, [c
†
3c
†
2c
†
1, c1c2c3] form a basis of a three-
dimensional Lie algebra which is isomorphic to sℓ(2,R). The matrix representation
of [c†3c
†
2c
†
1, c1c2c3] is given by(
1 0
0 0
)
⊗
(
1 0
0 0
)
⊗
(
1 0
0 0
)
−
(
0 0
0 1
)
⊗
(
0 0
0 1
)
⊗
(
0 0
0 1
)
.
For arbitrary n we have
[c1 · · · cn, [c†n · · · c†1, c1 · · · cn]] = 2c1 · · · cn
[c†n · · · c†1, [c†n · · · c†1, c1 · · · cn]] =−2c†n · · · c†1 .
Thus for arbitrary n the three operators
c†nc
†
n−1 · · · c†2c†1, c1c2 · · · cn−1cn, [c†nc†n−1 · · · c†2c†1, c1c2 · · · cn−1cn]
form a basis of a three dimensional Lie algebra which is isomorphic to sℓ(2,R).
Next we study the Lie algebra generated by the Hamilton operator Kˆ and the
number operator Nˆ . Let n = 1. We find for the commutators
[Kˆ, Nˆ ] = c− c†, [Kˆ, c− c†] = 4c†c−2I = 4Nˆ−2I, [Nˆ , c− c†] = −c†− c = −Kˆ .
Thus we have a four-dimensional non-commutative Lie algebra with a basis given
by Kˆ, Nˆ , c − c†, I. Owing to the operator I the Lie algebra is not semisimple.
Utilizing the matrix representation we have
Kˆ =
(
0 1
1 0
)
= σ1, Nˆ =
(
1 0
0 0
)
, c−c† =
(
0 −1
1 0
)
= −iσ1, I =
(
1 0
0 1
)
.
For n = 2 we have the commutators
[Kˆ, Nˆ ] = 2(c1c2 − c†2c†1)
[Kˆ, [Kˆ, Nˆ ]] = 4(Nˆ − I)
[Nˆ, [Kˆ, Nˆ ]] =−4Kˆ
[Kˆ, [Kˆ, [Kˆ, Nˆ ]]] = 4[Kˆ, Nˆ ]
[Nˆ, [Kˆ, [Kˆ, Nˆ ]]] = 0
[[Kˆ, Nˆ ], [Kˆ, [Kˆ, Nˆ ]]] = 16Kˆ .
Thus the operators Kˆ, Nˆ , c1c2 − c†2c†1, I form a basis of the four dimensional Lie
algebra which is not semisimple owing to I. The matrix representation is
Kˆ =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 , Nˆ =


2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 , c1c2−c†2c†1 =


0 0 0 −1
0 0 0 0
0 0 0 0
1 0 0 0

 .
For n = 3 we have the commutators
[Kˆ, Nˆ ] = 3(c1c2c3 − c†3c†2c†1)
[Kˆ, [Kˆ, Nˆ ]] = 6[c†3c
†
2c
†
1, c1c2c3]
[Nˆ , [Kˆ, Nˆ ]] =−9Kˆ
[Kˆ, [Kˆ, [Kˆ, Nˆ ]]] = 4[Kˆ, Nˆ ]
[Nˆ , [Kˆ, [Kˆ, Nˆ ]]] = 0
[[Kˆ, Nˆ ], [Kˆ, [Kˆ, Nˆ ]]] = 36Kˆ .
Thus we have a four dimensional Lie algebra given by the operators Kˆ, Nˆ , [Kˆ, Nˆ ],
[Kˆ, [Kˆ, Nˆ ]]. The Lie algebra is not semisimple.
For general n we have
[Kˆ, Nˆ ] =n(c1 · · · cn − c†n · · · c†1)
[Kˆ, [Kˆ, Nˆ ]] = 2n[c†n · · · c†1, c1 · · · cn]
[Nˆ , [Kˆ, Nˆ ]] =−n2Kˆ
[Kˆ, [Kˆ, [Kˆ, Nˆ ]]] = 4[Kˆ, Nˆ ]
[Nˆ , [Kˆ, [Kˆ, Nˆ ]]] = 0
[[Kˆ, Nˆ ], [Kˆ, [Kˆ, Nˆ ]]] = 4n2Kˆ .
Thus we find that the four operators Kˆ, Nˆ , [Kˆ, Nˆ ], [Kˆ, [Kˆ, Nˆ ]] provide a basis of
a four dimensional Lie algebra which is not semisimple.
5 Entanglement
An n-tangle [8, 9, 10] can be defined for the finite dimensional Hilbert space H =
C2
n
, with n = 3 or n even. Consider the finite-dimensional Hilbert space H = C2n
and the normalized states
|ψ〉 =
1∑
j1,j2,...,jn=0
cj1,j2,...,jn|j1〉 ⊗ |j2〉 ⊗ · · · ⊗ |jn〉
in this Hilbert space. Here |0〉, |1〉 denotes the standard basis. Let ǫjk (j, k = 0, 1)
be defined by ǫ00 = ǫ11 = 0, ǫ01 = 1, ǫ10 = −1. Let n be even or n = 3. Then an
n-tangle can be introduced by
τ1...n=2
∣∣∣∣ 1∑
α1,...,αn=0
...
δ1,...,δn=0
cα1...αncβ1...βncγ1...γncδ1...δn
× ǫα1β1ǫα2β2 · · · ǫαn−1βn−1ǫγ1δ1ǫγ2δ2 · · · ǫγn−1δn−1ǫαnγnǫβnδn
∣∣∣∣.
This includes the definition for the 3-tangle with n = 3.
Consider now the eigenvectors of the Hamilton operator Kˆ with n ≥ 2. Then the
eigenvectors belonging to −1 and +1 are fully entangled and include part of the
Bell basis. The eigenspace belonging to the eigenvalue 0 consists of both entangled
and unentangled vectors.
6 Conclusion
We have studied a Fermi Hamilton operator. If the eigenvalues are degenerate then
by linear combinations we can construct entangled states from unentangled states.
A computer algebra program written in SymbolicC++[11] for the manipulation of
the Fermi operators is available from the authors.
The model described above has a straightforward extension to the Fermi Hamilton
operator with spin
Kˆ =
Hˆ
~ω
= c†n↑c
†
n−1↑ · · · c†2↑c†1↑+c†n↓c†n−1↓ · · · c†2↓c†1↓+c1↑c2↑ · · · cn−1↑cn↑+c1↓c2↓ · · · cn−1↓cn↓
with the number operator Nˆ and spin operator Sˆz given by
Nˆ =
n∑
j=1
(c†j↑cj↑ + c
†
j↓cj↓), Sˆz =
1
2
(
n∑
j=1
(c†j↑cj↑ − c†j↓cj↓)
)
where [Kˆ, Nˆ ] 6= 0, [Kˆ, Sˆz] 6= 0, [Nˆ, Sˆz] = 0. Here the matrix representation is
given by [6, 7, 8, 9]
k-th place
c†k↑= σz ⊗ · · · ⊗ σz ⊗
(
1
2
σ+
)
⊗ I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
2n times
c†k↓= σz ⊗ · · · ⊗ σz ⊗
(
1
2
σ+
)
⊗ I2 ⊗ · · · ⊗ I2
(k + n)-th place
where k = 1, . . . , n. Whereas the Fermi system discussed above provides a three
energy level system for n = 2 with eigenvalues 1, 0, −1 including the spin provides
five energy levels with eigenvalues 2, 1, 0, −1, −2 for n = 2.
Acknowledgment
The authors are supported by the National Research Foundation (NRF), South
Africa. This work is based upon research supported by the National Research
Foundation. Any opinion, findings and conclusions or recommendations expressed
in this material are those of the author(s) and therefore the NRF do not accept
any liability in regard thereto.
References
[1] F. A. Berezin, The Method of Second Quantization, Academic Press (1966)
[2] A. L. Fetter and J. D. Walecka, Quantum Theory of Many-Particle Systems,
Dover (1971)
[3] A. Auerbach, Interacting Electrons and Quantum Magnetism, Springer-
Verlag, New York (1994)
[4] J. Smit, Introduction to Quantum Fields on a Lattice, Cambridge University
Press, Cambridge (2002)
[5] W.-H. Steeb, “A Note on Wick’s Theorem”, Lett. Math. Phys. 1, 135-139
(1976)
[6] W.-H. Steeb, Problems and Solutions in Theoretical and Mathematical
Physics, Third edition, Volume II: Advanced Level, World Scientific, Sin-
gapore (2009)
[7] W.-H. Steeb and Y. Hardy,Matrix Calculus and Kronecker Product: A Practi-
cal Approach to Linear and Multilinear Algebra, 2nd edition, World Scientific,
Singapore (2011)
[8] W.-H. Steeb and Y. Hardy, Problems and Solutions in Quantum Computing
and Quantum Information, third edition, World Scientific, Singapore (2011)
[9] W.-H. Steeb and Y. Hardy, Quantum Mechanics using Computer Algebra,
2nd edition, World Scientific, Singapore (2010)
[10] A. Wong and N. Christensen, “Potential multiparticle entanglement measure”,
Phys. Rev. A 63, 044301 (2001)
[11] Y. Hardy, Tan Kiat Shi and W.-H. Steeb, Computer Algebra with Symbol-
icC++, World Scientific, Singapore (2008)
